In this poster we explain some recent results which show evidence of the existence of singularities developed in finite time for a class of contour dynamics equations depending on a parameter 0 < α ≤ 1. The limiting case α → 0 corresponds to 2D Euler equations and α = 1 corresponds to the surface quasi-geostrophic equation. The singularity is point-like and it is approached in a selfsimilar manner.
Introduction
One of the most important open problems in mathematical fluid dynamics is whether the solutions to the Euler equations modelling the evolution of incompressible inviscid fluids, may develop singularities in finite time.
Vortex patches
A proposed scenario corresponds to the so-called vortex patch problem. This problem consist of a 2D region D(t) (simply connected and bounded) which is a weak solution of 2D Euler equations. The appearance of finite time singularities at the contour of D(t) was the subject of strong debate based on numerical results (see [2] , [6] and [10] ). Nevertheless, work of Chemin [3] and Bertozzi-Constantin [1] rigorously proved global existence of regular solutions for the dynamics of the vortex patch.
α-patches
A very natural singularity scenario would correspond to a vortex patch of the so-called surface quasi-geostrophic equation (see [9] ) for which the relation between the stream function and potential temperature θ (that play the role that vorticity plays in 2D Euler equations) is θ = (−∆)
The interest of this equation lies in its strong analogies to the 3D Euler equation [4] and its relevance in some geophysical contexts [8] . A natural question to ask is whether models for which θ = (−∆) 1− α 2 ψ representing an interpolation between 2D Euler (which corresponds to lim α → 0) and quasi-geostrophic patches (obtained for α = 1) develop singularities for 0 < α ≤ 1. We present results from [5] where it is provided numerical evidence showing that this is indeed the case, and describe the self similar structure of such singularities. This result represents a new singularity scenario for incompressible flows.
The model
Following [10] we can invert the relation between ψ and θ to obtain the following formula for the velocity with 0 < α < 1
where − → x (γ, t) is the position of points over the patch boundary C(t), and θ 0 is related to the value of θ in the patch. In the limiting case α = 1 one should use the formula projected on the normal direction to the curve [9] :
The contour dynamics equation is then
Given the fact that only the normal component of the velocity is able to deform the curve, the contour dynamics equation can also be written as
Local existence
The proof of local existence and uniqueness of a solution requires for simplicity a restriction to the periodic case. It is easy to see that the argument extends to the case of any sufficiently regular initial contour or finite set of disconnected initial contours. In [9, 5] it is presented the full argument.
The numerical method
For the case of two vortex patches we have numerically solved Eq. (1) for 0 < α < 1 and Eq. (2) for α = 1:
The projection removes singularities in the integrands for α = 1. The initial state consists of two identical circular vortex patches of unit radius whose centers are separated by 2.5 vortex radii and such that θ k = −1. The evolution is calculated using ideas developed in [6, 7] for the case of the 2D Euler equations. In particular, contours are represented by an adaptive node spacing adjusted nonlocally at each time step and cubic spline interpolation between nodes. After node representation of contours Eq. (5) is transformed in a set of coupled ordinary differential equations which are forward time integrated with a variable time step 4th order Runge-Kutta method. Time step size ∆t is adjusted with ∆x, which is the minimum distance between nodes in contours C 1 (t) and C 2 (t) at a time t.
The evidence of singularities
We performed several numerical experiments for different values of α. In fig. 1 we present the profiles at t = 0, 1.962, 3.3, 4.031, 4 .369, 4.464 for α = 1 (the surface quasi-geostrophic equation). As we can see, two corners with high values of curvature do develop in the last plots. It looks like a sharp front appear, in the sense that the boundary of the two patches seems to collapse along a curve. In fact, this is not the case as one can see from fig. 2a ) where the two curves appear clearly separated except for one point at which they get so close that they seem to touch each other (the corner). In fig. 2b ) we find a representation of the maximum curvature of the patch contour as a function of time. Observe that the singularity is point-like. b) Evolution of the maximum curvature with time
Selfsimilarity
The fast growth of the curvature suggests that it might blow up at a finite time t 0 . In fact if we re-scale the spatial variable in the form (6) provided that δ = 1 α . Convergence to τ -independent solutions to the above equation would represent convergence to solutions of (1) such that the maximum curvature (inverse of the minimum radius of curvature R) grows as
In order to test this law we represent in fig. 3a ), for the case α = 1, the values of κ −1 versus time for the whole simulation period. Along the evolution we can identify several regimes. At about t ∼ 3 a crossover between tendencies does take place leading to a linear behaviour as we can see in the inset. We stopped the simulation when κ −1 reaches values of the order 10 −4 which is indistinguishable from zero in the figure.
In fig. 3b ) we represent the numerical profiles of fig. 1 re-scaled in both spatial directions with (t 0 − t) − 1 α . They converge to a stationary profile which would be a τ -independent solution of (6) and a self similar solution of (1).
In Table 1 we summarize the collapse results obtained for different values of α. We have performed a least squares fitting to the curvature law (7) for a set of values of the curvature κ i close to the collapse time t 0 . This technique estimates t 0 , the exponent 1/α and the proportionality constant C in Eq. (7) . Observe that t 0 increases very rapidly as α tends to zero. In fact it is known (see [1] , [3] ) that t 0 = ∞ for α = 0 which suggests that t 0 should be very large for small values of α. α 1/α t i ranges κ i ranges N fitted 1/α t 0 C 0. 5 Table 1 : Fitted parameters of the curvature law (7) . N represents the size of the sample (t i , κ i ) considered.
